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Abstract 

We propose to consider the A/" = 4, d 1 supermultiplet with (4, 4, 0) component content as a 
"root" one. We elaborate a new reduction scheme from the "root" multiplet to supermultiplets with 
a smaller number of physical bosons. Starting from the most general sigma-model type action for the 
"root" multiplet, we explicitly demonstrate that the actions for the rest of linear and nonlinear A/" = 4 
supermultiplets can be easily obtained by reduction. 

Within the proposed reduction scheme there is a natural possibility to introduce Fayet-Iliopoulos 
terms. In the reduced systems, such terms give rise to potential terms, and in some cases also to terms 
describing the interaction with a magnetic field. 

We demonstrate that known A/" = 4 superconformal actions, together with their possible interactions, 
appear as results of the reduction from a free action for the "root" supermultiplet. As a byproduct, we 
also construct an A/" = 4 supersymmetric action for the linear (3,4, 1) supermultiplet, containing both 
an interaction with a Dirac monopole and a harmonic oscillator-type potential, generalized for arbitrary 
conformally flat metrics. 



1 Introduction 



One of the most interesting features of the A/" = 4 supersymmetric mechanics theories, which makes them 
rather different from their higher dimension counterparts, is the existence of irreducible N' — A,d — 1 
supermuhiplets with aU possible numbers of physical bosons: starting from a supermultiplet with four 
physical bosons (4, 4, 0) and finishing with the supermultiplet (0, 4, 4), containing no physical bosons at 
all^. Some of these supermultiplets can be obtained by dimensional reduction from, say, four dimensional 
superfield theories. Other supermultiplets exist only in one dimension. 

It was shown by J. Gates, Jr. and L. Rana 1 that (at least linear) A/" = 4, li = 1 supermultiplets 
are closely related among themselves. It turns out that in one dimension one may switch between 
different supermultiplets by a proper expression of auxiliary bosonic components through time-derivatives 
of physical bosons, and vice versa. In a wide set of off-shell N ~ A supermultiplets with 4 physical 
fermions and a finite number of auxiliary fields was deduced by using nonlinear realizations of the unique 
A/" = 4, d = 1 superconformal group Z?(2, l;a). Besides already known supermultiplets ^ElElEli&j 
two new off-shell nonlinear multiplets were found. This approach shed some light on the geometric 
nature of the relations between different supermultiplets. Indeed, it was shown that the physical bosonic 
components of the obtained M — A,d — 1 supermultiplets parameterized different cosct spaces of the same 
superconformal group. Therefore, the relations between supermultiplets arise as a result of switching 
between the corresponding cosets. 

Being completely off-shell, the relations between Af — A supermultiplets have nothing to do with the 
actions describing the various versions of supersymmetric mechanics. Thus, a natural question arises: 
how general are such relations? Otherwise speaking, one is naturally led to ask whether it is possible to 
start from the most general sigma-model type action for one supermultiplet and then, by using the proper 
relations, get the general action for another multiplet. A related question concerns the restrictions that 
should be imposed on the metrics of the bosonic manifolds, in order to succeed with such a reduction. 
In this respect, the supermultiplet (4, 4, 0) with the maximum number of physical bosons should be 
distinguished as a "root" supermultiplet^, because the corresponding metric of the bosonic manifold 
depends on all four bosons. When passing to supermultiplets with a smaller number of physical bosons, 
clearly such a metric has to be properly restricted to depend only on the physical bosons "surviving" after 
the reduction. One should also point out that the considerations in [TJ were purely algebraic, without 
any reference to the automorphisms. But if some specific action is considered when using the relations 
between different supermultiplets, then one should pay attention to the corresponding automorphism 
symmetries. 

In the present paper we answer some of the above mentioned questions. Starting from the most 
general sigma-model type action for the "root" (4, 4, 0) multiplet, we explicitly demonstrate that the 
actions for the rest of linear, and two recently-discovered nonlinear, known A/" = 4 supermultiplets can be 
easily obtained by a proper reduction procedure. We propose a particular parametrization of the "root" 
supermultiplet, with a clear geometric meaning 0, and suitable for reduction procedure. Within the 
proposed reduction scheme there is the possibility to introduce Fayet-Iliopoulos (FI) terms. Such terms, 
when properly treated in the reduction procedure, generate the interactions. 

One of the most interesting results we achieve is that known A/" = 4 superconformal actions, together 
with their possible interactions, appear as results of the reduction from a free action for the "root" 
supermultiplet. As a byproduct, we also construct an A/" = 4 supersymmetric mechanics action for the 
linear (3,4, 1) supermultiplet, interestingly containing both an interaction with a Dirac monopole and a 
harmonic oscillator-type potential, generalized for arbitrary conformally flat metrics. 

Summarizing, A/" = 4, d = 1 supersymmetry is found to be characterized by the existence of a "root" 
supermultiplet with a related "root" action from which, by performing a proper reduction procedure, one 
may construct the rest of the supermultiplets with the corresponding actions. 

2 The "root" supermultiplet and its action 

In order to describe the A/" = 4 supermultiplet with four bosonic and four fermionic physical components, 
we follow by introducing a real quartet oi N — A superfields ((Q*°)^ = Qia), depending on 

^We are using the notation (m, 4, 4 — m) identifying an off-shell A'' = 4, d = 1 supermultiplet with m physical bosons, 
4 fermions and 4 — m auxiliary bosonic components. 

■^The term "root supermultiplet" has been proposed in |7|. 
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the coordinates of the A/" = 4, d = 1 superspace M^-'^l^) 



HA 



where {i,a,A — 1,2) are doublet indices of three commuting SU{2) subgroups. The constraints which 
identify the muhiplet are^ 

Z?(^'QJ> = 0, (2.1) 
where the covariant spinor derivatives D^^ are defined by 

D'^ = -|- + id'^dt , {D'^, D^^} = 2ie'^e^^dt . (2.2) 

Since the defining constraints l|2.1() imply that 

jjtAjjjBQka ^ 2ie'^^e''^dtQ''', (2.3) 
one may immediately conclude that the independent components of the superfields Q'" are only^ 

r ^ Q^1e..=o, ^ Q'1e..=o, (2.4) 

and thus describe the irreducible (4,4,0) supermultiplet. This supermultiplet was considered in the 
component and Af = 1 superfield approaches in j9| ; it was also recently studied in [3 E] by using the 
J\f — A superspace formalism. 

The most general J\f = A supersymmetric cr-model type action for the superfields constrained by 
conditions (|2.1|) may be written in the full J\f = 4,d — 1 superspace as 



dtd'^9L{Q) , (2.5) 
where L{Q) is an arbitrary scalar function. Passing to the components in the action H2.5|l we get 



dt 

where the metric G is defined as 



(2.6) 



The component action H2.6|l is invariant under off-shell A/" = 4 supersymmetry realized as ((e*"^)^ ~ e^^) 

Sq"" = -e'^^P'X , Si:"^ = 2ie'^q^ . (2.8) 

Due to the absence of bosonic auxiliary components, potential terms cannot be added to the action 
H2.5|l . Nevertheless, one may still modify the action H2.5(l by a adding a self-interacting term 

s,„t = ^J dtd*e A(,,-^e'^e\QiQ]. (2.9) 



Here, the real constants A(ab) are symmetric in the indices and their appearance in the action 
explicitly breaks the corresponding SU{2) invariance down to U{1). In the components (|2.4|) the action 
H2.9|l reads 

S,nt = fdt {2tq^q'' + i^^y/^) A^ab)- (2.10) 



As it may easily be seen, the action H2.9|l - H2.10|l describes the interaction of our supermultiplet with the 
magnetic field. More general self-interacting terms may be also constructed |H], but we will not consider 
them in what follows. 



•^We use the following convention for the skew-symmetric tensor e: ei^e-'* = (5*, ei2 = = 1- As usually, the round 
brackets express symmetrization of the enclosed indices. 

^From the reality of superfields Q'" it follows that (-i/)""*)^ = — 
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3 Prom the "root" supermultiplet to the (3,4,1) ones 



Since the appearance of pp , it is well known that the linear A/'-extended superniultiplets in d = 1 are deeply 
related among themselves. Roughly speaking, the transformation properties of any bosonic auxiliary 
component A of the {m^AfjAf — m) supermultiplet read 

SA ^ parameter x dt ( physical fermions) . (3-1) 

In d = 1 we may easily integrate (|3.1|l and pass to the physical bosonic components $ defined as 

dt^^A (3.2) 

with the supersymmetry transformation properties 

(5$ ~ parameter x ( physical fermions) . (3.3) 

Therefore, such an integration procedure amounts to replace the auxiliary bosonic field A with the 
physical bosonic field $, and consequently the resulting new supermultiplet is the (m + l,A/',A/'"m — 1) 
one. It is clear that one may reverse the consideration and pass from (I3.3|l to H3.1|l or, in other words, 
from the {m.,Af,Af—m.) supermultiplet to the (m — l,Af,Af—m + 1) one. In this way one may recover all 
A/'-extended superniultiplets starting from the basic, "root" supermultiplet, which contains no auxiliary 
components at all. We have to choose such a multiplet as the "root" one, because the metric of the 
corresponding bosonic manifold will depend on the maximal number of physical bosons. 

Although being intuitively transparent, the discussed procedure leaves some questions unanswered. 

First of all, the straightforward change of some physical bosons into auxiliary ones will destroy most 
of the automorphisms of the original system. Thus, it would be nice to exploit an approach preserving 
as many symmetries of the "root" system as possible. 

However, the most important question concerns the possibility to generate potential terms by the "flip- 
ping" of some physical bosonic components into auxiliary ones. Interestingly, we are going to demonstrate 
that this can actually be done, and that most of the physically interesting potential terms simply come 
from the FI terms introduced during the reduction. 

It should be also mentioned that the above considered relations between different supermultiplets 
are purely kinematical, and therefore it would be interesting to see how all these transitions between 
supermultiplets work dynamically, i.e. at the level of the corresponding action. 

In this Section we will reduce the (4, 4, 0) A/" = 4, d = 1 "root" supermultiplet to some supermul- 
tiplets with a smaller number of physical bosons, namely to the (3, 4, 1) ones. In order to preserve all 
possible automorphisms during the reduction procedure, it is useful to define new bosonic variables as 
follows 12: 

g" ^ , _ A , q''^- , _ , q'' ^ Hq'') ■ (3-4) 

VI + AA V 1 AA 

It is worth pointing out that the definitions H3.4|) have a clear geometric meaning. Indeed, e" plays the 
role of radius, while the variables A, A parameterize the 2-sphere SU{2)/U{1), with the angular variable 
4> being responsible for U{1) rotations. Thus, the most symmetric reductions from 4 to 3 physical bosons 
can be performed along "</>" and/or "u" directions. They will be respectively called "angular" and/or 
"radial" reductions. 

Let us also redefine the fermionic variables as 

V'l^ = V^, V''^ = • (3.5) 

Finally, we fix the constant symmetric matrix Aab in (|2.9() and H2.f 0|l as follows: 

Ai2 = A21 - M, All = A22 = 0. (3.6) 
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In the new variables the "root" action given by the sum of H2.fi|l and H'2.1()|l reads^ 

2 



dt { ie"G (u' + <!)'')+ 2Ge 



AA 



1 + AA 2 



AA- AA 



1 + AA 
AA- AA 
1 + AA 

A 

" (1 + AA) 
A + - 
A 



-Gu - i4>Gu + AGa - AG-r + i\u 



Gu 



AA + AA 



1 + AA 



i(l + AA) (i^ + z^) + i( 
G^ I e^-^V' 



AA + AA 
1 + AA 



AA + AA 
1 + AA 

aA- AA 



Gci 



Ga- 



2A 



(1 + AA) 



Gil 



(l + AA) [ii - i^j + i (aA - AA 



G 



A u — ifl!) — 



AA + AA 
1 + AA 



2A 



G^ } e-'^i> 



Gnu + G„ + (1 + AA)^ Gaa + (l + AA) G00+ 



AA- AA 



i (1 + AA) (AGa0 - AGa^)] V^'^' + 2Me^ \^-^ + 

Accordingly, the transformation properties (|2.8|) are 
6A 



+ e""'0V' 



5u 



Si;' 





f AAe 


1 




Vl+ 




iVl + 


AA i 


■ if 





(e^ - Ae^) V-Ae-^f"-*"*) - (e^ + Ae^) ^Ae-^("+^' 



VT+AA 



(e^ + Ae^) iii-iq 



AA + AA 
1 + AA 



2 e^A 



with 



(3.7) 



(3.8) 
(3.9) 



3.1 "Angular" reduction 

In the A/" = 4 superfield formalism this type of reduction is connected with the existence of composite 
superfields V^^ defined as |21IH1 

= Qi'Qil (3.10) 

One can easily check that the "root" supermultiplet constraints (|2.HI imply that the composite superfields 
V^^ (I3.1U|) obey the constraints 

D^^V^'''' = . (3.11) 

Being considered as independent J\f = 4 superfields, the constraints (|3.11|l leave in the superfields V^^ 
the following components: 

F'^ DfV'^, D'^D\Vij. (3.12) 

Thus, the resulting off-shell component structure is (3,4, 1). This supermultiplet was introduced in the 
components in the A/" = 4, d = 1 superspace formulation has been presented in . 

*We use the notation -0^/! = ^^-ipA and similar ones throughout. 
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By using the parametrization (|;-{.4(l . we get that the first, physical components of the superfields V^^ 
are the bosonic fields u, A, A, while the angular variable (j) appears among the components H3.12|l of the 
superfields V^^ only through (p. 

The physical bosonic fields u, A, A, together with (f> and the fermionic fields 



(3.13) 



determine the field content of the A/" = 4, rf = 1 (3, 4, 1) linear supermultiplet. This can be seen by 
inspecting the supersymmetry transformations. Indeed, by introducing the "auxiliary" bosonic field A 
defined as 

ylEE0, (3.14) 

the supersymmetry transformations H3.8(l read 



SA 

Su 

SA 
6^^ 



dt5(j) = dt 
1 



Vl + AA 



zVl + AAe-^" (e^^^+e^U) 



= - VT+AAe-^" (e^ + Ae^) U , 
= -l-Vl + AAe-^" {e^U + s^^a) + 



1 



Vl + AA 



(e^ + Ae"^) lii-iA 



AA + AA 
1 + AA 



2e^A 



(3.15) 



Let us now consider the reduction of the "root" action H3.7|l . By analyzing Eq. H3.7|l . we conclude 
that the field (j) appears in the action through A — (p only if the metric G does not depend on cf). By 
making such an assumption, one may then replace by in the action (|3.7(l . obtaining the component 
action for the (3,4, 1) supermultiplet. 

Another immediate consequence of the transformation properties H3.15|l is the possibility to add to 
the action H3.7|l a FI term of the form 

SFi = m j dtA , (3.16) 

where m is an arbitrary, real parameter with physical dimension [ra] — [length] It should be noticed 
that the previously introduced additional term (|2.9() - (|2.10|) is actually the "standard" FI term for the 
(3,4,1) linear supermultiplet H3.11|l . because the integrand in Eq. (|2.9|l is nothing but the auxiliary 
bosonic field D^^D\V,j . Thus, we conclude that in the considered framework there are two different 
FI terms: one is the "standard" one expressed by Eq. (|2.9|l . while the second is given by Eq. H3.16|l . 
The surprising simplicity of the expression H3.16|l is purely due to the chosen, convenient parametrization 

By eliminating the "auxiliary" field A through its equation of motion, the action 1)3. 7|l with the FI 
term H3.1f)ll added may be rewritten as 



S = 



dt J ie"Gu2 + 2Ge" 

12 (1 + AA)^ 



A 



-Gil 



1 



(l + AA) uGa 



1 + AA) 

^e-" [{Gu + Gf + (1 + AA)' GaG 

A A -AA 1 



16 

e 



G^-(AG.-AG. 

.^^^^^-G„-i(l + AA).G, 
Gun + Gu + (1 + AA)' Gaa] } 



A 



2G ^ 

(1 + AA) 
4G 



2M 



1 + AA 2 
{G^e - Ga^ ) [me-'' - 2M] 



Gu 
~G 



2M 1 - 



Gu 

IT 



(3.17) 



Let us analyze the action (|3.17() . 
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With M = m = 0, the action (|3.17(l turns out to describe the most general cr-model type component 
action for the A/" = 4, d = 1 (3,4, 1) hnear supermultiplet. Thus, we may conclude that the kinematical, 
off-shell relations between the "root" and linear (3,4,1) supermultiplets may be prolonged on-shell: 
indeed, the general cr-model type (component) action for the (3, 4, 1) linear supermultiplet is nothing but 
the "angular" reduction of the cr-model (component) action for the "root" multiplet (with M = m = 0). 

In the case of non- vanishing M and/or m, new interactions are switched on. It should be noticed that 
in H3.17|l the "standard" FI term H2.9|l generates only (properly supersymmetrized) harmonic oscillator- 
type potential terms, whereas the FI term defined by Eq. I|3.1(j|l generates an interaction with a Dirac 
monopole. 

In order to gain insight about this point, let us consider the bosonic part of the action (|3.17(l for the 
trivial metric G = I and with M = 0. In such a limit the action reads 



^hos 



, 1 1 „ 9 „ AA m^e"" A A -AA , 

dt{-e^u^ + 2e^ ^ + im )■ (3.18) 

^ {l + KKf 2 1 + AA ^ ^ > 



The action ^^J^, may be recognized to be the bosonic part of the M = A superconformal action con- 
structed in [TT], describing a particle in the field of a Dirac monopole. What is really impressive is that 
this action results from the reduction from the free action for the "root" supermultiplet. Consequently, 
for a generic G and A/ = 0, the action (|3.17l) provides us with the same interaction extended to arbitrary 
metrics G (A, A, u) . 

Then, we can consider also G = 1 and m ~ Q. In such a case the bosonic part of the action (|3.17|l 
reads 

Shos = [dt\ ie"?i2 + 2e" _ „ - 2M'^e'' } . (3.19) 

J (1 + AA) J 

After introducing the new variable 

x = e^, (3.20) 

the action H3.19|l turns out to describe the bosonic sector of the JV — A supersymmctric harmonic oscillator. 
Therefore, for a generic G and m — 0, the full action (|3.17|) corresponds to the JV = A supersymmctrization 
of the harmonic oscillator-type interaction for arbitrary metrics G (A, A, u) . 

Thus, we see that the proposed "angular" reduction from the "root" supermultiplet component action 
equipped by suitable FI terms, gives rise to a rather general component action for the (3,4,1) linear 
supermultiplet, with interesting self-interacting terms. It is worth noticing that the FI term H3.16|l . 
which is trivially simple in the chosen component parametrization (|3.4|) , has instead a rather complicate 
description in terms of superfields By reminding that there are no general approaches to the 

construction of potential terms, the above proposed procedure, which allows one to generate such terms 
by a reduction from a "root" action, seems to be interesting and useful. 

In the next Subsection we move to consider a "radial" reduction, demonstrating that non-trivial 
potential terms appear in the resulting reduced action, too. 



3.2 "Radial" reduction 

The same procedure presented in the previous Subsection can be applied to eliminate the field u instead 
of the field cj). This kind of reduction is related with the existence of a nonlinear (3, 4, 1) supermultiplet 
m E] ■ By introducing new fermionic fields as 

r;^ = etV^, fi'^ = e^'4j'^, (3.21) 

it turns out that they form, together with the physical bosonic fields (j>, A, A and a new "auxiliary" bosonic 
field B defined as 

B = u, (3.22) 

a J\f — A, d = 1 supermultiplet. As before, this may be checked by looking at the supersymmetry trans- 
formation properties of such fields. Indeed, by substituting H3.21|l in H3.8|l . the following transformation 
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laws are obtained: 

SB 

5(1) 
5A 
5rj^ 



d 
di 



Vl + AA 



(e^ + Ae^)r7Ae"2'i 



iVl + AA 



2 Vl + AA ^ 



VT+AA 



(e^ + A£-^)77Be-5^ 
AA + AA\ 



1 + AA 



(3.23) 



For what concerns the corresponding "radial" reduction of the action H3.7|) . one may notice that the 
dependence on u may be avoided if a new metric 



H = e"G 



(3.24) 



is introduced, and it is assumed not to depend on u, too. Unfortunately, by looking at the term pro- 
portional to M in the last line of the action 1)3.7(1 . one immediately realizes that the interaction term 
H2.9|l - H2.10|l depends on u; therefore, in the considered reduction procedure we necessarily have to disre- 
gard it, by putting j4(ab) = 0. Consequently, by using the definition (|3.24|) and assuming the independence 
of H on u, we may replace u with B in the action H3.7|l with AI ~ 0, obtaining the cr-model component 
action for the nonlinear (3, 4, 1) supermultiplet ^2 . 

As for the "angular" reduction, one may also add a FI term of the form 



Sfi = k dtB 



(3.25) 



where k is an arbitrary, real parameter with physical dimension [k] = [length] ^ . 

Being rewritten in the new variables and after the elimination of the auxiliary field B, the action (|3.7|l 
with M = and the FI term (|?^^ added reads 



S = 



:i + AA)^"57 + ^^(^^-^^^- 




(1 + AA) [Hi + (1 + AA) HaHx + tH^ {AHa - AH^)] 
-2 (1 + AA) [(1 + AA) i/^A + + » (Ai?A^ - AHa^)] } f^^^ } 



(3.26) 
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The action (|8.26(l provides us with the most general cr-model type component action for the nonlinear 
(3,4,1) supermultiplet, with additional specific potential terms. Indeed, one may easily check that 
for H = 1 and k = the action (|3.26|) matches the known cr-model type component action for the 
A/" = 4, d = 1 nonlinear tensor supermultiplet As before, we may therefore conclude that the general 
cr-model type action for the (3, 4, 1) nonlinear supermultiplet is nothing but the "radial" reduction of the 
cr-model action for the "root" multiplet (with k = 0). 

For non-vanishing k, the treatment of the resulting interactions in the reduced system obtained by 
"radial" reduction is much less clear with respect to the case of "angular" reduction. Indeed, while for 
the previously obtained N — 4:,d — 1 hnear (3, 4, 1) supermultiplet the superfield description of the FT 
term (jH.lfill - although being complicate - is known JI], in the case of the jV = 4, d = 1 nonlinear (3, 4, 1) 
tensor supermultiplet the superfield description of the FI term (13.2511 - which is simply and automatically 
introduced by performing the "radial" reduction - is instead still unknown. 

As previously mentioned, for the linear (3,4,1) supermultiplet the auxiliary bosonic field actually 
transforms only through a full time derivative, and therefore it may be used for the construction of 
the corresponding "standard" FI term, which turns out to be nothing but the previously considered 
self-interaction terms (|2.9|l - (|2.10|l . Instead for the nonlinear (3,4, 1) supermultiplet this fails to happen. 

Consequently, an intriguing, unanswered question naturally arising is the following one: how to in- 
troduce and describe interaction terms for the TV = 4, d = 1 nonhnear (3,4,1) supermultiplet in the 
superfield formalism? 



4 From the "root" supermultiplet to the (2,4,2) ones 

As for the previous treatment of the case with 3 physical bosons, two A/" = 4, d = 1 supermultiplets with 
2 physical bosons are known; they are the linear and nonlinear chiral supermultiplets (see e.g. where 
the nonlinear one was discovered). While the most general action for the linear chiral supermultiplet has 
been known for a long time |S] , the general action for its nonlinear chiral counterpart has been constructed 
quite recently [T^ . 

In this Section we are going to show that the reduction procedure from the "root" action (|3.7|l 
works in these cases, too. Clearly, we do not expect to obtain the most general potential terms in the 
reduced systems with 2 physical bosons, because in these cases the potential terms may contain arbitrary 
functions. Nevertheless, it is rather interesting to understand which type of potential terms are generated 
by FI terms through the reduction procedure. 

Due to close analogy with the previous reduction cases, for brevity's sake our treatment will be rather 
concise. 



4.1 Nonlinear chiral supermultiplet 

The reduction to this supermultiplet combines both reductions from the previous Section. Thus, we 
expect that, after some redefinition of the components, the physical bosonic fields A, A will form the 
supermultiplet with some fermions and the "auxiliary" bosonic fields u and 0. The suitable fermionic 
fields may be introduced as follows: 

By such redefinitions, Eq. H3.8|l yields that the supersymmetry transformations of A, A, A (defined in 
I3.14() and B (defined in l3.22|l form a closed set. 

In order to reduce the action 1)3. 7|l . we have to redefine the metric G as 

h = e"G , (4.2) 

and assume that h does not depend on u and (p. Finally, we add to the action (|3.7(l two FI terms defined 
as 

Sfi= I dt[mA + KB]. (4.3) 
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By eliminating the auxiliary fields A and B by their equations of motion, we get the following action: 



, I , AA AA-AA 

at < 2h 7r — im = 1 — h 

\ (1 + AA)' 1 + AA 2 



A 



2 1 + AA 
i A 



h- ^{K + im) {l + AA) ^ 



2 1 + AA 4 
AA- AA 



(k - im) (l + AA) 



h 



(cc-cc) 



2h 



(m^ + K^) + 



1 + AA 



h- Ah 



CC-^(1 + AA)^(/.,^-^ 



2 a2 



(4.4) 



Thus, we see that the FI term kB is responsible only for potential terms in the action (|4.4|) . while the 
term mA generates also an interaction with the magnetic field. 

By redefining the metric of the physical bosonic manifold and the fcrmionic fields respectively as 



5 = 2 (1 + AA) ^/i, = -Vl + AAV'" 



(4.5) 



one may check that the action (|4.4(l coincides with the one discussed in ^2] , with the simple holomorphic 
superpotential F (A) = (m — in) A. 

4.2 Linear chiral multiplet 

This is the simplest case of reduction, which fully agrees with the considerations made in PP. Let us 
rename the bosonic variables as 



^22 



-.12 



„21 



q =z , q =w , q 
Consequently, the supersymmetry transformations (|2.8|l now read 

6z — —eijj , dm = —eip , S-tjj^ = —2i {e^z + e^wj . 
Thence, by considering the physical bosonic fields z and z, the "auxiliary" bosonic fields 

C = w, C = w, 



(4.6) 
(4.7) 
(4.8) 



and the fermionic fields and V^"^ defined in H3.5|l . it is clear that all together they form a close multiplet. 

By substituting the definitions H4.6|l and (|4.8() in the action (|2.6I) and assuming the independence 
of the metric G on w and w, one obtains the cr-model component action for the (2,4,2) linear chiral 
multiplet: 

S = y"dt |2G(iz + CC) + ^g(7/;^- 7^^) - ^ [(G,i + 6^(5-021 -G^C)V'V'+ 

+ (G,C - G^l) V' - {G,C - G^z) _ 1 (c- + G^a) V'V^'I . (4.9) 

Thus, after adding to the action H2.6|l two FI terms defined as 

Sfi = Jdt[fiC + flC] (4.10) 

(where ^ is an arbitrary, complex parameter with physical dimension [fj] = [length] ~"'^), we may eliminate 
the "auxiliary" bosonic fields C and C by using their equations of motion. The final result reads 



S = 



dt { 2Giz + -G ( - ) - ^ - - (G,i - G,z) V'^+ 



G 



Gj 



G 



G 



[HI I 
2G ~ 2 

GzGz 



G 



(4.11) 
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and corresponds to the on-shell, general cr-model type component action for the (2, 4, 2) Hnear chiral 
multiplet PP with pecuHar potential terms . 

Finally, it should be mentioned that one may go further, and perform also the reduction to the 
N = 4:,d = 1 (1,4,3) "old" tensor supermultiplet 2 . This reduction goes in a similar way, producing 
the known action 4 . Therefore, we will not discuss this case here. 

5 Conclusion 

Being motivated by the relations between different Af = 4 supermultiplets in d = 1 dimensions established 
by J. Gates, Jr. and L. Rana, in this paper we considered the Af — 4:,d — 1 supermultiplet with (4, 4, 0) 
component content as the "root" one for all other known (linear and nonlinear) supermultiplets of A/" = 4 
supersymmetric mechanics. 

Starting from the most general sigma- model type action for such a multiplet, we explicitly demon- 
strated that the actions for the rest of linear, and two nonlinear, J\f — A, d = 1 supermultiplets can be 
easily obtained by a proper reduction procedure. 

One of the intrinsic peculiarities of the reduction scheme is the possibility to introduce Fayet-Iliopoulos 
terms. Such terms give rise to potential terms and in some cases to terms describing the interaction with 
a magnetic field, too. 

We demonstrate that known A/" = 4 superconformal actions, together with their possible interactions, 
appear as results of the reduction from a free action for the "root" supermultiplet. As a byproduct, 
we also construct an A/" = 4 supersymmetric component action for the linear (3, 4, 1) supermultiplet, 
containing both an interaction with a Dirac monopole and a (properly supersymmetrized) harmonic 
oscillator-type potential, generalized for arbitrary conformally flat metrics. 

Thus, the main conclusion is that in A/" = 4, d = 1 supersymmetry there exists a "root" supermultiplet 
with a related "root" action from which, by a proper reduction, one may construct the rest of the 
supermultiplets and the corresponding actions. 

One of the most serious and intriguing questions arising in such a framework concerns the possibility to 
apply the same reduction procedure to intrinsically nonlinear A/" = 4, d = 1 supermultiplets, recently found 
to be crucial in order to obtain supersymmetric actions with non-conformally flat bosonic manifolds 13._. 
Up to now, we dealt only with supermultiplets which can be described in terms of nonlinear realizations 
of the unique Af — 4:, d — 1 superconformal group Z? (2, 1; a) At present, not too much is known about 
the geometric origin of the intrinsically nonlinear supermultiplets of A/" = 4 supersymmetric mechanics. 
So this problem remains open. 

Another promising direction of research concerns the study of Af > 4-extended supersymmetric sys- 
tems; in this respect, particularly interesting appears the generalization of the proposed reduction to 
the case Af — 8. So far, a detailed investigation of the superfield structure of all linear N — 8,d = 1 
supermultiplets was carried out in |14| , whereas new variants of A'^ = 8 supersymmetric mechanics were 
developed in 15, 16, lf|El- Going beyond A/" = 4, one usually gets that the metric of the bosonic 
manifold is much more restrictive with respect to the Af — 4 case, and therefore one may expect that 
some modification of the reduction scheme proposed above will be needed. Moreover, it is well known 
that there are four different Af — 8,d — 1 superconformal groups ^Hl- Thus, in A/" = 8 supersymmetric 
mechanics it is not completely clear whether relations between different supermultiplets having a natural 
description within different superconformal groups may exist at all. There exists also an Af — 8, d — 1 
supermultiplet with an infinite number of auxiliary components; a rather ambitious task would be to 
establish some relations (if any) between finite and infinite-dimensional Af — 8, d — 1 multiplets. 

It is worth noticing once again that the interaction with a Dirac monopole, obtained in the component 
action of the (3,4,1) linear supermultiplet by performing an "angular" reduction from the suitably 
parameterized "root" (4, 4, 0) component action, appears as the result of adding the simplest Fayet- 
Iliopoulos term H3.16|l to the "root" action (j^^. Consequently, it might happen that in the case of 
(possibly existing) Af = 8 "root" supermultiplet (s) a similar mechanism produces an interaction with a 
Yang monopole. Of course, it is desirable at least to check such a possibility.^ 

^Issues related to the possibility to exactly solve extended supersymmetric mechanics systems after inclusion of a constant 
magnetic field were treated for A'^ = 4 in earlier papers 1201 1211 . From an historical perspective, we wish to recall the early 
work in 22 , discussing the A/" = 4 and = 16 cases. 
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Finally, it is clear that all the above results, here obtained in the component formalism, may be 
reformulated in terms of superfields. It would be very nice to understand how the proposed reduction 
procedure works in superspace, and in particular how the introduction of interactions by suitable Fayet- 
Iliopoulos terms may be described in the superfield formalism. 
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